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When a massive block slides on a rough surface through a fluid, the resistive force opposing its motion has two components: one (kinetic friction F k ) from the substrate and an additional (hydrodynamic) viscous force due to the surrounding fluid. Similarly, when tiny magnetic and electric quanta move inside solids, they also experience a resistive force from both the underlying substrate impurities F k and the surrounding medium. In analogy with the standard macroscopic friction, here we present a comparative study of the friction force felt by moving magnetic flux quanta (vortices) and charge density waves.
Near the threshold for the onset of motion, a driven block accelerates and stops showing ''stick-slip'' motion, which plays a central role in geology, tribology, and in many industrial processes [3, 4] . This stick-slip motion can be viewed as strong fluctuations near the sharp transition [5] between two dynamical states having static F s and kinetic F k friction [see also Fig. 1(f) ]. Experiments (e.g., [6, 7] ) support this fluctuation mechanism and pose the question [6] of why in some cases F s > F k , while in other cases F k > F s (for higher temperatures this is equivalent to crossing plots for different F k V's). Our experimental and theoretical results [ Fig. 1(c) and 1(d) ] also have such crossing points in F k V.
Another challenge occurs when trying to bridge microand macro-scale descriptions of friction, especially when trying to measure and characterize friction for very tiny objects, which are not standard ''particles,'' but collective excitations inside solids, like magnetic flux quanta in superconductors [8] and charge density waves (CDWs) [9] . Here, we present a comparative study of the depinning dynamics of such microscopic objects, described as examples of friction (see Table I and Fig. 1 ). While some friction experiments are not easy to reproduce, the microscopic friction shown here is perfectly reproducible.
Friction measurements on moving vortices. -Experiments were made on pristine and irradiated La 1:84 Sr 0:16 CuO 4 (LSCO) superconductors [11] with a critical temperature T c 37 K over a wide range of magnetic fields and temperatures. As will be shown below, we need V-I characteristics up to high current density. Thus, we used 1800 Å thick single crystalline films prepared by the pulsed laser deposition (PLD) method. The substrate was LaSrAlO 4 (001) with thickness 0.5 mm. To avoid Joule heating, we used short rectangular pulses for the V-I measurements. After removing the flux-flow dissipation (viscous) component [10] , the measured friction per unit length (shown in Fig. 1 ) is F k j 0 1 ÿ = 1 where j is the current density, 0 is the flux quantum, and ( 1 ) is the (flux-flow) resistivity [12, 13] . We used microwave techniques to obtain 1 in bulk crystals with the same hole concentration [12] . In our experiments [ Fig. 1(a) ] and theory [ Fig. 1(b) ] the kinetic friction F k V increases with the average velocity V, attaining a maximum, and decreases with magnetic field. Moreover, our measured friction [ Fig. 1(c) ] for pristine samples is smaller than for irradiated ones at low average velocities V (staticlike regime) and larger for higher V (kineticlike regime). This is consistent with our numerical results [ Fig. 1(d) ] and also with macroscopic mechanical friction experiments performed on solids (e.g., [6] ).
Friction in charge density waves.-Measurements on CDWs were performed on single crystals of NbSe 3 , grown by the direct vapor transport (DVT) method.
Here, E (E T ) is the (threshold) electric field and CDW ( 1 ) is the extra conductivity of the CDW (in the highfield limit), which was obtained by the pulse technique.
The first term in the right-hand side is the driving force by the electric field E and the second term subtracts the average viscous dissipation [14, 15] , corresponding to the flux-flow dissipation for vortices [13] and the hydrodynamic resistance due to the surrounding fluid in the mechanical case. The result is normalized by the depinning field E T , corresponding to the critical current density j c in the superconducting case and the maximum static-friction force F max s for a massive block. The conductivity CDW E is measured by currentvoltage (I-V) plots, while the resistivity for vortices in superconductors is obtained from V-I measurements [13] . Thus, our F kin measurements on CDWs have direct analogs with the corresponding F kin for vortices or sliding massive blocks. Note that CDW scattering with phason or quasiparticles and fixed impurities are the analogs of the vortex dissipative flux flow and pinning, respectively.
Numerical results.-Since experiments were performed at high enough temperatures, thermal fluctuations are dominant over quantum fluctuations. The simplest minimal model to describe all of these properties is the overdamped equation (commonly used for vortices and CDWs): Figs. 1(a) , 1(c), and 1(e). At low temperatures, and when driving close to its critical value, we also obtain long random waiting times, when a particle remains trapped in a potential well and sometimes does fast jumps between wells. This corresponds to the stick-slip motion for macroscopic blocks. At higher temperatures, and larger particle densities, this transition from static to kinetic friction becomes smooth.
Analytical results.-Neglecting interparticle interactions, the Langevin Eq. (1) can be mapped onto a Fokker-Planck equation, which can be solved analytically for a time-independent driving force F d : 
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where Q and l are the energy barrier height and the typical length scale of the substrate potential, respectively; T is the prefactor of the thermal energy. In Eqs. (2), the ratio Q=k B T represents the competing pinning/depinning effects of the pin energy barrier Q over the thermal energy, while F d l=k B T represents the effects of the driving and thermal energies. According to Eqs. (2), at zero temperature, F k is a monotonically decreasing function of F d (as it is usually the case for friction in mechanical blocks, where temperature effects are negligible). For finite temperature, F k has a maximum for nonzero F d or V. The effects of particle interactions can be effectively taken into account by the flattening of the substrate potential due to the mutual repulsion of the moving particles [16] . This results in the decrease of Qn with particle density n. From our analytical results, we can derive a broad transition from static to kinetic friction as a function of both temperature and/or applied magnetic field H 0 n for vortices -because the activation Qn=T is suppressed by increasing either T or H. Note that some interaction-related effects, including elastic and plastic deformations of the sliding phase, could be missed in this simple approach. While plastic dynamics can play a role in some regimes of vortex physics (e.g., near the onset of depinning), it is not a dominant effect in CDWs, where the shear modulus is large. In spite of its limitations, our analytical results describe both our experiments and our numerical simulations of the Langevin Eq. (1) [see Fig. 1(b) for a quantitative comparison of simulations with analytical results]. Moreover, in the limit Q k B T, the function F k F d increases linearly at low driving forces F d with a temperature-independent slope, as experimentally observed in Fig. 1(e) .
Additional discussions.-For microscopic objects, but not for macroscopic ones, thermal fluctuations play a crucial role broadening the transition between static and kinetic friction [ Fig. 1(f) ]. The broad transition (Fig. 1 ) from static to kinetic friction not only can be described by the above model but can also be understood from the perspective of phase transitions [2,5]: sharp transitions for large objects become much broader for small systems.
For our data [ Figs. 1(a) , 1(c), and 1(e)] and for our simulations and analytical results [ Figs. 1(b), 1(d) , and 1(f)], the friction force attains its maximum and decreases TABLE I. Comparison between mechanical friction and friction for vortices in superconductors (SC) and charge density waves (CDW). If a driven block slides on a rough surface, the resistive force on the block has two components: one due to the interaction with the substrate (standard kinetic friction F k ) and an additional (hydrodynamic) resistance if the driven block is submerged in a fluid (e.g., molasses). Similarly to a massive sliding block driven in molasses, when a vortex moves inside a superconductor, it experiences a resistive force because of the surrounding superfluid interacting with the vortex core. This dissipative flux flow exists even when the sample has zero pinning impurities. Therefore, this component must be subtracted [10] from the measured resistive force: to obtain the kinetic friction F k due to the interaction between the vortex and the pinning ''substrate.'' Thus, pinning adds additional friction (denoted here by F k ) to moving vortices. Here, P dissipated is the power dissipated during motion and ! is the driving frequency.
System
Mechanical with vortex density because the surface ''roughness'' or pinning becomes less influential in that limit. Moreover, the deepening and widening pinning potentials [inset of Fig. 1(d) A, which are consistent with the estimate r p * 130 A for our irradiated samples. In addition, thermal and interparticle-repulsion effects both smooth out the crossover between the static (or ''almost-static thermalactivated'') and the (strong-driving) kinetic regimes. This broad crossover replaces the sharp transition observed in macroscopic mechanical stick-slip motion.
Measurements of friction [ Fig. 1(e) ] for electrical microscopic ''quasiparticles,'' CDWs, also show a smooth increase of the friction with driving force and other features in F k V which are similar to vortex friction, including the broad transition due to the crucial contribution of thermal fluctuations to nanoscale friction (absent in macroscopic descriptions) since F k V smoothly grows with V and T in Fig. 1 (e) (in contrast to the typical sharp transition from static to kinetic friction for macroscopic objects).
The CDW-SC comparison can be made more closely. When the CDW and vortex lattices (VLs) are driven, their dynamical response is shaped by the competition between elastic properties (keeping the CDW and VL together) and pinning strength (providing friction that can either stop the CDW-VL or sometimes tear apart the CDW-VL). In equilibrium, the competition between the elastic and pinning energies (for CDWs and VLs) has been studied by using essentially the same model: see, e.g., the Fukuyama-LeeRice model in Refs. [19] [20] [21] for CDWs and the LarkinOvchinnikov model in Ref. [22] for VLs. In both cases, when the elastic energy is large, increased pinning leads to a localization of the CDW-VL (static-friction regime) with large correlated domains in the CDW-VL. When the elastic energy becomes weaker, eventually, the CDW-VL breaks apart into smaller uncorrelated domains which exhibit a plastic response when driven. For very strong drives, compared to the pinning energies, the CDW-VL behaves like an elastic medium and it exhibits dynamic friction. This highlights another profound analogy in the way pinning and elastic energies behave in these two apparently dissimilar systems which are dual to each other [23] .
Here we have compared the kinetic friction related to the collective motion of quanta of magnetic flux and electrical charge, using an approach similar to the one typically used for moving massive blocks ( Fig. 1 and Table I ). Our results provide a link between friction at the micro-and macroscopic scales.
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